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ISOCHRONOUS MACHINES WITH SECTOR MAGNET FIELDS AND 








Circular machines with a fixed field and an alternating gradient (FFAG) have 
been proposed for the ionization cooling, the phase rotation and the acceleration 
of the muons of a neutrino factory. Using a circular machine instead of a linear 
arrangement reduces the number of accelerating structures and the number of 
ionization units. A magnetic field fixed in time is necessary for rapid acceleration 
of particles with a short life-time and the large acceptance in energy of the FFAG 
is well adapted to the production of muons resulting from interaction of a proton 
beam on a target. 
Both the focusing and the synchronism of the acceleration with the revolution 




I. Multivariable optimization of the geometry and the excitations of the 
magnets with help of Mathematica 
 
The reference FFAG arrangement is the one proposed by J. Mori, S. Machida at KEK [1]. 
In this machine with sector magnets, the lattice is ODFDO for a period and the closed 
orbit in the symmetry plane can be approximated by a series of arcs of circles in the magnets 
and by straight segments in between. This simplification is used for defining the geometrical 
parameters and for studying a first approximation of the focusing. For clarity, the parameters 




















Fig.1. - The FDO half period of KEK FFAG lattice 
 
 
N Number of periods ρF Bending radius of F 
k = (1/Bρ) ∂B/∂ρ Field index ρD Bending radius of D 
βF  opening angle of F/2 with respect to machine center LF Path length in F/2 
βD opening angle of F/2 with respect to machine center LD Path length in D/2 
θF Bending angle of F/2 r0 Orbit radius at F center 
θD 
 Bending angle of D/2 r1 Orbit radius at D center 
s Straight section length   
 
There are geometrical relations between these parameters: 
θF - θD =  π/N 
ρF / r0 =  tan βF / (sin θF+(1-cos θF) tan βF) 
ρD/ r0 = ( sin(π/N-βF)- cos(π/N-βF) tan(π/N-βF-βD) ) sin θF / ( sin(θF-π/N)- 
 - (1-cos (θF-π/N)) tan(π/N-βF-βD)) / sin(βF) 
r1/ρF = sin(θF)/sin(βF) 
 
Relations concerning the focusing: 
In first approximation, the local gradient of the magnet: k L =(1/Bρ) L ∂B/∂ρ is the 
gradient at the average radius of the local orbit in a magnet, which is close to the value at r = 
r0. 
There is a relation between the fields in F and D and the radius of curvature of the closed 
orbits: 
BF ρF = BD ρD 
Along a closed orbit, the momentum is constant. This is true for all closed orbits, then for 
all the derivatives: 
ρF ∂BF/∂v  = ρD ∂BD/∂v 
The focusing effects at the edges are estimated according to the usual approximations: 
εF = (θF-βF)/2θF at both ends of the F 
εD1 = (θF-βF)/θD, at F-D common boundary and 
 εD2= (π/N-(βF-βD))/θD, at D exit 
 
Basic parameters: 
N, βF, θF and βD are selected as basic parameters and all other geometrical parameters 
are functions of them. The transport matrix of each element of the lattice, and the product 
matrix are calculated as functions of the basic parameters and the values of the field index. By 
using Mathematica, one holds the symbolic form for the traces of this matrix, and also the 
wave numbers Qh and Qv and the betatron functions βh and βv.  
 
Optimization: 
The interesting values are selected from their graphic representation as functions of the 
basic parameters, without any root mean square optimization. One sees immediately if the 
preferred solutions are far from the instabilities. The representation is done in 3D with 2 basic 
parameters (Fig.2 and 3) or in 2D projection, by tracing iso-values for the functions as shown 























Fig. 2 - Qh and Qv for ODFDO lattice, N=16, r=10m, ∂B/∂ρ=1.5, 
























Fig. 3 : βh and βv for ODFDO lattice, N=16, r=10m, ∂B/∂ρ=1.5, 






















Fig.4 - Qh and Qv for the KEK ODFDO lattice (projections) 
 
Fig. 5 - βh and βv for the KEK ODFDO lattice (projections) 
 
These results are obtained from the Mathematica program of ref. [2] 
 
II. Conditions for having isochronisms (ref. [3]) 
 
The oscillation period of the cavities could be adapted with the variation of the revolution 
frequency with the energy if the initial dispersion in energy were small. So accepting a large 
energy spread at injection would be easier if the condition for isochronisms was satisfied for 
all energies. 
A simple recall of the isochronisms in a circular machine will help for deriving useful 
relations. 
 
II.1 Isochronisms for the cyclotron with circular closed orbits. 
 
The frequency ωc is constant, and using ρc= vc/ωc, the field on a particle of momentum pc is: 
 Bc = pc /(e ρc) = m0 γc vc / (e ρc) = (m0/e) ωc γc  (1) 
or  
 Bc[ρ] = (E0 /e c) (ωc /c) / (1- (ωc ρc /c)2)1/2   (2) 
 
II. 2 Isochronisms for a machine with sectors. 
According to the usual approximation, the closed orbits are made of elements of circles 
and of straight lines in the free field regions. Here, we interpret the approximation differently 
by considering that the closed orbits are really made of circles and straight segments, the field 
being slightly different than the one in the other interpretation: 
 
Closed orbit and its approximation according 
to the usual definition of a sector magnet (U). 
Magnetic field is not exactly constant on the 
C.O. or on its circular approximation, but on a 
circle centered at the machine center. 
Real closed orbit according to the new 
definition for a sector magnet (N). Magnetic 
field is constant on the circular closed orbit. 
 
Fig.6 - Closed orbit in a sector magnet 
 
The machine with N sectors and N straight sections s is compared with the synchronous 
cyclotron C without sectors for the same energy and the same frequency: 
 2 π ρ + N s = 2 π ρc (3) 
ρ is the average value obtained in the magnets with different fields. If θn is the bending angle 
of magnet n, 
 2 π ρc = (2 π/N  ∑ ρn θn/2π +s ) N (4) 
That is the same equation as (3) if <ρ> = ∑ ρn θn/2π   
For the same momentum, and whatever n, 
 Bn ρn = Bc ρc  = B ρ (5) 
To simplify the notation in this equation and in the following, <ρ> is written ρ and B is an 
average field corresponding to <ρ>. 
Using (3) and (5) to replace Bc and ρc by B and ρ in equation (2) gives: 
 B [ρ,s,ω] = (E0/c) / (ρ ((c/ω)2 /(ρ+Ns/2π)2 –1 )1/2  ) (6) 
E0 is now expressed in volts. The same equation holds for any of the pairs (Bn, ρn). 
Conversely, the total straight section Ns can be expressed as a function of B and ρ 
 Ns [ρ,B,ω] = 2π (c/ω / ((E0/c)2 /(B ρ)2 +1)1/2 - ρ ) (7) 
 
It is worth examining the conditions of existence of these simple relations between the 
total straight section Ns, the average radius of curvature written ρ and the average field B. 
 
Fig. 7 - Relation between ρ (radius of curvature), r (from machine center) 




 θmax = π/N, and 
 OC = s/2 / Sin (θmax) (8) 
and replacing s by expression (7), 
 OC [ρ] = (π/(N Sin (θmax)) ( (c/ω) ( (E0/c/B ρ)2 +1 )-1/2 - ρ ) (9) 
as the field law is fixed by B[ρ], OC is also a function of ρ only. 
The radius vector r from the center of the machine is: 
 r = OM = ON+NM = OC Cos(β) +( ρ2 – (OC Sin(β))2 )1/2 (10) 
r is a function of ρ and β. The relation between ρ, θ and β is:  
 Tan (β) = PM/OM= ρ Sin (θ)/(OC (ρ)+ρ Cos (θ) 
The maximum for β occurs for θ = θmax = π/N: 












































Fig.9 - Variation of the total straight section as a function of B and ρ, in 3 D representation 
and 2D projected lines of iso-values for the straight section 
 
From the expression (7) for Ns (B, ρ), there is a minimum value for B, which is: 
Bmin (ρ)= (E0/c) / ((c/ω)2 - ρ2 )1/2 
This limit is represented in the 3D plot. On the projection, the hyperbolas of constant Bρ 
are also represented together with the lines of constant straight section. Any line of the graph 
drawn along increasing energies is a solution for an isochronous machine. Particular cases 
are: 
• A constant field: increasing energies correspond to increasing ρ values. When ρ varies from 
a very low initial value, the straight section increases first, then diminishes. 
• A total straight section constant with the radius of the machine (curves iso-values for Ns): if 
the initial value for ρ is high enough when following a constant Ns curve, both B and Bρ 
increase. If the initial value for ρ is small, B and the energy decrease first, then increase. 
• Following a constant Bρ curve gives the coupled values of B and Ns with ρ which satisfy 
isochronisms for a given energy. 
• Following a straight line between the 2 axes (such as any of the lines B/ρ= constant): the 
same high-energy value is obtained with B/ρ small or with large B/ρ, but in the first choice, 
energy is limited by reaching sooner the 0 straight section length. It is easier to discuss the 
variation of the total straight section in proportion with ρ or r with the representation 



























Fig.10 - Variation of B as a function of the total straight section and of ρ, in 3 D representa-
tion (left), and projected lines of iso-values for B and kinetic energy (right)  
 
On the 3D representation, the surface B [Ns, ρ] is above the limiting surface Bmin [ρ]. 
The other limit is due to the condition ρ < (c/ω) – Ns/2π, the equality involving B=∝.  
On the projection are represented 3 lines for B iso-values, with a variation of Ns [ρ] like a 
reversed parabola for each of them. A family of iso-kinetic energy lines is straight segment 
like. 
• For constant B and increasing energy, the straight section is increasing first, then 
decreasing to zero. The B-constant line crosses the successive iso-kinetic energy lines, 
reaching the maximum energy when the straight section is zero. 
• For constant Ns, if one starts with a mall initial ρ, B decreases and then increases to 
infinity for ρ = (c/ω) – Ns/2π. The corresponding variation in kinetic energy is correctly 
represented only for the part where B increases, because the first part of the family of the 
iso-energy lines is not shown. 
• Following a line Ns= K ρ, B is nearly constant and increases rapidly to infinity together 
with the energy. 
• By following a line bent towards the Ns axis, ρ is kept small at the price of high fields for 
high energy. 
 
Leading further the exploration of the conditions for synchronism, we may look at the 
aspects of a machine in the following simple cases: 
B constant with the radius vector r 
Straight section constant with the radius vector r 
Magnet with radial sectors: with this disposition, one could have a similitude between 
the closed orbits, and look at the variation of the betatron oscillations wave number 
around them for the different energies. 
 
 



















































Fig 11 - Isochronous machine with a constant field of 0.5 T. Particles with kinetic energy of 
0.25 GeV could be injected near ρ= 2.25 m (r~13.75 m) and extracted at 1.5 GeV 
near ρ= 10 m (r~14.9 m). In this case the necessary radial aperture would be ~1 m. 
 
The trajectories are represented under the poles, not in the large field free sections. OC is 
the distance of the center of curvature to the center of the machine. 
 


































Fig 12 - Isochronous machine with a constant gap (2 m) between the sectors. 
Particles with kinetic energy of 0.27 GeV could be injected near ρ= 2.2 
m (r~8.5 m). Outer ejection supposes that the energy increases to 0.9 
GeV at ejection, ρ= 3.5 m (r~10 m). Inner ejection supposes that energy 
increases also to 0.9 GeV near ρ= 0.4 m (r~6.7 m). In this last case the 
necessary radial aperture would be of the order of 1.8 m 
 
 
III.3.  Isochronous machine with similar closed orbits (ref. [4]) 
The straight section varies in proportion with ρ: 
 s = kS ρ  (12) 
 
Fig.13 - Geometry for parallel orbits 
 
Replacing in (7) s by kS ρ, the isochronous field becomes: 
 B [ρ,ω] = (E0/c) /  ( (c/ω)2 /(1+N kS /2π)2 –ρ2)1/2  (13) 
The same substitution in equations 9 to 11 gives, for the distance from the machine center to 
the center of curvature of the closed orbit: 
 OC = kS ρ / 2Sin(θmax) (14) 
and for the radius vector and βmax: 
 r / ρ = Cos(β) kS  / 2Sin(θmax) + ( 1-(Sin(β) kS  / 2Sin(θmax))2 )1/2 (15) 
βmax = Atan( Sin((θmax) / ( kS / 2Sin(θmax)+Cos((θmax) ) ) (16) 
























Fig.14 - Variation of B with s/ρ and ρ 
 
An important machine parameter is the value of the straight section s at injection. Suppose 
an injection at a kinetic energy Wk = 0.15 GeV, 
With equations (11,12) and: 
 Wk = ((B c ρ)2 + E02 )1/2 –E0 (16) 
s may be represented as a function of ks and N (Fig. 15). 
 
 Fig.15 - s (ks, N) at injection for Wk = 0.15 GeV 
 
Figures .(16) and (17) represent the parameters for 2 machines, one with s ~1.7 m, N=14 
(ks ~ 0.18), the other with s ~ 1.7 m, N=8 (ks ~ 0.157). 

































































Fig. 17 - Parameters and machine sketch for N=8, injection at Wk = 0.15 GeV 
A calculation is made with MAD for finding the Twiss parameters corresponding with the 
ODFDO period proposed by at KEK [1] and the isochronous distribution for the field (11). 
The lattice has 16 periods with a triplet: 
 
N=16 ρF=1.173 m LD=0.3674 m 
θF=26 deg. ρD=1.427 m S/2= 1.06 m 
θD=-14.75 deg. LF=0.5323 m At injection, Wkin. =0.3 GeV 
 
Fig. 18 - Twiss parameters βh, βv and dispersion Dh at 0.3 GeV and 0.93 GeV 
kinetic energies 
The main parameters at intermediate energies are shown in the following table for one 




ρ/ρInj. KF KD Qh Qv βh βv Dh 
0.3 1 0.073 -0.05 .094 0.39 7.65 3.53 5.03 
0.465 1.01 0.094 -0.07 .10 .38 7.30 3.49 4.48 
0.5 1.02 0.153 -0.111 .119 .377 6.39 3.35 3.27 
0.63 1.025 0.227 -0.16 .14 .366 5.67 3.20 2.42 
0.90 1.03 0.42 -0.3 .21 .325 4.45 3.0 1.23 
 
These results are obtained in ref. 5 
 
Conclusion 
In FFAG type machine, the conditions for the acceleration are simpler if isochronisms can be 
settled. The acceptance in energy would be very large. The small number of turns should help for the 
betatron stability. It will be considered in a following paper. 
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